A new quadratic digital tracker for efficient tracking control of an unknown sampled-data system with a direct transmission term from an input to output and subject to input constraints is proposed in this paper. First, the observer/Kalman filter identification (OKID) method is utilized to identify an appropriate (low-) order state-space innovation model with a feedthrough term, equivalent to the unknown linear system; this identified model is used for the design of the controller and observer. The newly proposed input-constrained quadratic digital tracker also comprises a new systematic mechanism for tuning the weighting matrix in the cost function of interest. Further, the realizable current output-based digital observer with a direct transmission term is developed for the system whose states are immeasurable. An illustrative example is given to demonstrate the effectiveness of the proposed approach.
Introduction
The identification of linear/nonlinear systems has been well-studied in the literature (Ljung and Soderstrom, 1983; Goodwin and Sin, 1984; Sinha and Rao, 1991) . There have been many successful methods to identify the parameters of a state-space model. Early studies on this subject go back to the work of Ho and Kalman (1965) , who considered the concept of minimal realization of the identified state-space model, i.e. to obtain a model that is both controllable and observable. In this paper, we utilize the observer/Kalman filter identification (OKID) method (Juang, 1994) for system identification. This method is a time-domain technique to identify a discrete input-output mapping in general coordinates, from the input-output sampled data; also, through an extension of the eigensystem realization algorithm (ERA), the method can solve the order-determination problem that arises in the system identification. It has been reported (Juang, 1994) that, by means of the OKID method, a nonlinear system can be identified and represented as a linear model for the design of a controller and an observer.
In order to reduce the effect of the modeling error in the identified model, a sub-optimal digital redesign approach is proposed in this paper, for the design of a digital high-gain observer which improves the digital observer obtained via the OKID method (Juang, 1994) . But the current measured output-based observer for estimating the current state in order to determine the current control input requires having the current measured output and the current control input first. Therefore, there is a causal problem for the current output-based state estimate tracker. An approach will be proposed in this paper to overcome the above causal problem.
As it is well-known, a high-gain tracker (Tsai et al., 2012) can make the system track the desired input rapidly. Nevertheless, due to its high gain, the magnitude of the control input might exceed the physical limits of the actuator input, leading to deterioration of the closed-loop performance. Recently, many researchers have used linear matrix inequality (LMI)-based optimization to design an anti-windup controller for the input-constrained linear systems (Hu et al., 2008; Shieh et al., 1992; Wu and Lu, 2004; Zaccarian and Teel, 2004) . In this paper we propose the use of the model identified by the OKID method, to develop an effective optimal linear quadratic digital tracker and its associated observer, for an unknown system with a feed-through term and subject to input constraints. First, we construct a linear quadratic continuous-time performance index (cost function) containing the hard constraints of the actuator inputs (Tarbouriech and Turner, 2009) . Since for the digital control of the sampled-data system, a zero-order hold (Z.O.H.) will be placed between the digital controller and the actuator, the input signal to the latter will be a piecewise-constant signal. As a consequence, the original continuous-time state-space model can be represented by an exactly equivalent discrete-time state-space model.
Then, a discrete-time performance index (cost function) with a constrained input is pre-specified; in addition, a new systematic mechanism 5 is developed for tuning the weighting matrix in the cost function. When the states and model of the sampled-data system with a direct transmission term are not available for measurement, a realizable digital observer is proposed in this paper for the given system. At last, the digital design method is utilized to develop the inputconstrained observer-based digital controller for the unknown model with a direct transmission term from input to output. This digital controller is capable of closely matching the states between the digitally controlled sampled-data model and the theoretically controlled fictitious continuoustime model (Guo et al., 2000) . As a result, the proposed input-constrained observer-based linear quadratic digital tracker makes the unknown model show a good performance in tracking the reference signal, while also maintaining the control input within the upper and lower bounds of saturation. To the authors' knowledge, the optimal digital tracker for an unknown model containing a direct transmission term from input to output and subject to input constraints has not been proposed in literature.
This paper is organized as follows. The problem description is given in the next section. In the "Observer/Kalman Filter Identification" section, the OKID method is introduced to determine the discrete-time linear observer with an appropriate (low-) order for an unknown linear system. The following section proposes the design methodology of the discrete-time quadratic tracker for a sampled-data linear model with a direct transmission term from the input to output and subject to input constraints. Section "A Realizable Current-Out-Based Digital Observer for the Model with a FeedThrough Term" presents the input-constrained observer-based digital tracker, according to the prediction-based digital observer design, when the system states are immeasurable. Then, the design procedure is summarized and an illustrative example is provided right after. Finally, the conclusions are given at the end.
Problem Description
Consider the unknown linear system with constrained actuator described by
, First, we use the off-line observer/Kalman filter identification (OKID) method to determine an appropriate (low-) order discrete-time linear observer for the unknown system (1). The identified state space model is formulated as an equivalent linear model with a direct transmission term, which is used to design the input-constrained high-gain digital controller, and the prediction-based digital observer. When the digital control input 6 () d u kT exceeds the limit of input saturation, () d u kT will be iteratively adjusted through a proposed algorithm until it is within its specified bounds and minimizes the absolute value of the difference between the control input and the saturation limit as possible. It is desired to propose a new inputconstraint current output-based state-estimate tracker for the unknown system with an input to measured output feed-through term. Figure 1 shows the flowchart of the proposed methodology for the design of the inputconstrained digital tracker and the corresponding prediction-based digital observer.
The proposed discrete-time state-feedback control law () d ut is given by the form
where
K kT E kT C kT will be determined as indicated in what follows, and * () r kT is a digital reference input vector which, for tracking purpose, is specified as * ( ) ( ) r kT r kT T  [Guo, 2000] .
Observer/Kalman Filter Identification
The off-line OKID (Juang, 1994) The ERA processes a factorization of the block data matrix in (5), starting from 1, k  using the singular value decomposition formula . The observer with realizations of the system parameters and observer parameters by the ERA is given as (1) ,
First rows of
(7e) In system identification, the SVD is very useful in determining the system order. If the data length is sufficiently long and the order of the observer is sufficiently large, the truncation error is negligible (Juang, 1994) .
A New Tracker for the Mathematical Model with a Feed-Through Term
Through the OKID method (previous section), a discrete-time statespace model (3) equivalent to the unknown system can be identified. Consider the discrete-time state-space model (3), with the input-output feedthrough term D . The discrete linear quadratic tracker (DLQT) is given by the optimal state-feedback control law 
In the past, the Lagrange multiplier approach and the well-developed optimal control theory (Ogata, 1987) have been used to minimize (9) and determine the optimal quadratic tracker (Tsai et al., 2012) which, due to its high gain (Tsai et al., 2012) , often requires high magnitude control inputs to achieve a good tracking performance.
Hence, for the practical implementation of this high gain optimal tracker using a gain-limited actuator, some constraints must be defined as discussed in the following. Let us assume that the system of interest has m control inputs defined as (Wang, 2009) .
Then, considering the constraint (13) and the discrete-time state-space model (3) with a feed-through term, the cost function (9) can be modified as
where The active set (Wang, 2009) is to define at each step of an algorithm a set of constraints that is to be treated as the active set. The working set is selected to be a subset of the constraints that are actually active at the current status, and thus the current status is feasible for the working set. While moving on the working set, a new constraint boundary is often encountered. It is necessary to add this constraint to the working set and then proceed to the re-defined working surface. Now, we have the state equation (3a) and the co-state equation (Lewis and Syrmos, 1995) 
is the Lagrange multiplier with the stationary condition
Let () kT  be denoted as the following form
where () P kT and () V kT are parameters to be determined in the sequel. Equation (17) can be shown as
Organizing (18) and (22) yields
and
Based on (26), (25) becomes
In steady state, (27) and (24) can be respectively rewritten as
By solving (29), one can have the positive definite matrix P . Finally, the optimal control law is determined from (19) and (28) as
Equations (29)- (33) show that first using { , } QR optimization for the input constraint-free case and then using act W to respect the input constraints, where the weighting matrices { , } QR have been retuned in the sense of additive modification, i.e. If amplitudes of some components of control input exceed the specified constraints at 
As will be shown in (Tsai et al., 2011) , a high-gain controller can be obtained by choosing a sufficiently high ratio of Q to R in (14). A highgain of this input-constrained controller could (i) lead to a high quality performance on trajectory tracking, while maintaining control inputs within their saturation limits, and (ii) reducing the negative effect of system uncertainties, such as nonlinear perturbations, parameter variations, modeling errors and external disturbances. For these reasons, this inputconstrained high-gain digital controller is utilized in our approach.
A Realizable Current-Out-Based Digital Observer for the Model with a Feed-Through Term
The OKID method gives an appropriate observer/Kalman fitter by using the one-step past output () 
e kT x kT x kT .
(38) The aim of digital redesign (Guo et al., 2000) 
(40b) After a series of math operations (Guo and Peng, 2005; Tsai et al., 2007) , one has
(41e) For the realization of the discrete time observer, represented (41) as (42) shows to estimate the current state for determining the current control input that requires having the current measured output and the current control input first. Therefore, there is a causal problem for the current control input. So, the control input   
(43) It is noted that for a system with an input-output direct transmission term, the current-output-based digital observer outperforms the traditional OKID-based observer described in (Wang et al., 2013) .
Design Procedure
For the input-constraint-free case where ( ) 0 W kT  , a sufficiently high ratio of Q to R (Tsai, 2011) should be chosen for good tracking performance. If the control input () d u kT determined by the pre-specified weighting matrices Q and R for ( ) 0 W kT  satisfies the input constraint, it is the desired control force naturally. However, such a high ratio weighting matrices Q and R could result in a large-magnitude control input, which may exceed the saturation limits. In the case, the weighting matrix () W kT or the compact form of the activated components of ( ), W kT dented by to be used later. Then, the design procedure is given as follows.
Step 1: Perform the off-line OKID method to determine the appropriate order n and the system matrices gain ( , , , ) G H C D . Determine the redesign observer gain d L and compact parameters ( , ) dd GH for the current output-based observer, where
Step 2: Reconstruct the current output-based observer for the pre-specified case 
w kT j must be significantly increased, so that the tuned , () Step 5: Update the sampling index :1 kk  and go to Step 2. From the view point of the multi-objective optimization, it is natural to tune the weighting matrices of Objectives 1, 2, , sequentially. The purpose of the well-tuned Q and R guarantees Objective 1 (i.e. inputconstraint-free tracking performance) is satisfied. Then, tune the weighting matrix () W kT to yield a satisfied Objective 2 for the input constraints. In general, () r kT for 0, 1, 2, k  is a smooth sequence except for some isolated points with acute variations, so it is natural to assume that only Objective 1 is concerned by forcing () W kT be zero initially. Here, we would like to point out that the optimal weighting matrix () W kT based on the above mechanism is the optimal one so that the violated input is scaled down to the input constraint at each sampling index k with a minimal variation from the input constraint as possible, which induces a better tracking performance for the input-constrained problem. Furthermore, the proposed mechanism works for the case where the input constraints 
An Illustrative Example
Consider a non-square multi-input multi-output controllable and observable unstable system in (1), where To further improve the performance of the observer, an improved observer with a high-gain property based on the digital redesign approach has been used, where 
Conclusions
This paper presents a new input-constrained discrete linear quadratic observer-based tracker for an unknown sampled-data system with a direct transmission term from input to output. The input-output causal problem induced by the current output-based observer associated with the tracker is then overcome by the proposed realization. The newly derived Riccati equation for the input-constraint system with an input-output direct feedthrough the term shows the proposed optimal control is optimal in the sense of minimizing the input-constraint-free quadratic cost function in terms of the equivalent weighting matrices { , }.
ee QR
Although, based on our prestudy, an explicit connection of the equivalent weighting matrix pairs between the QP algorithm-based optimization and the linear quadratic Riccati equation-based optimization for the system with a non-vanished D matrix is supposed to be available, but it still needs a great effort to prove and verify it. Besides, due to our best knowledge, no literature investigates this topic, so it will be considered as a further research topic. Simulation results show that the proposed input-constrained observer-based linear quadratic digital tracker demonstrates good tracking performance, while maintaining the control input within its lower and upper bounds.
